The purpose of this paper is to suggest a possible presence of steady hydrodynamical (non-MHD) turbulence in differentially rotating disks. This turbulence is assumed to be described by a second-order closure modeling. It is further assumed that the turbulence is incompressible and locally homogeneous in the horizontal direction, except that a strong differential rotation is present. The results suggest that steady turbulent states might be possible by isotropizing effects of a pressure-strain tensor. The hmitations of our approach are discussed briefly.
Introduction
Viscosity is one of the fundamental ingredients in accretion-disk theory (Lynden-Bell 1969; Shakura, Sunyaev 1973) . It is usually considered that viscosity is caused by turbulence. One of the fundamental problems of turbulence in accretion disks is its origin and maintenance.
Keplerian disks with no magnetic field are highly stable to axisymmetric small-amplitude perturbations, since the specific angular momentum is distributed so that it increases outward (cf. Rayleigh criterion). Because of this, many researches wonder whether turbulence is possible in Keplerian disks with no magnetic field.
Meanwhile, Balbus and Hawley (1991) refound a strong instability mechanism (Chandrasekhar 1960) in magnetized differentially rotating disks and recognized its importance in relation to the origin and maintenance of turbulence in accretion disks. Recent threedimensional simulations (e.g., Hawley et al. 1995; Matsumoto, Tajima 1995; Brandenburg et al. 1995) really show that the instability seems to lead the disks to turbulent states.
Extending their idea concerning magnetic instability, as well as claim that the presence of a magnetic field is a necessary ingredient to keep the Keplerian disks turbulent. In other words, they say that there can be no turbulence in Keplerian disks if there is no magnetic field (i.e., turbulence in Keplerian disks is essentially hydromagnetic).
Their argument is based on the following two considerations.
First, in hydrodynamic turbulence where angular momentum is transported outward [i.e., (urU^) > 0 in cylindrical coordinates], the equation governing the time evolution of (u 2 ) has a strong damping term [see the first term on the right-hand side of equation (7b)]. They emphasize that this is a quite different point of a Keplerian rotating flow from a plane-parallel shear one. In the later flow there is no such damping term. They argue that because of this damping term, hydrodynamic turbulence would be absent in non-magnetized Keplerian disks.
The above argument by as well as , however, seems to be insufficient to show the absence of hydrodynamic turbulence in Keplerian disks. The presence of the abovementioned damping term in the transport equation of {u v ) 2 is nothing but a result of the linearly stable distribution of angular momentum in Keplerian disks in the sense of the Rayleigh criterion. The turbulence is, however, a highly non-linear phenomenon, and there is the possibility that it is maintained by itself. For example, if {u v } 2 decreases much compared with (u 2 ) or {u 2 z ) by the damping term mentioned above, the pressurestrain tensor, {p(dui/dxj + duj/dxi)), becomes a source to generate (u^,) , since the main effect of the tensor is to make the turbulence isotropic. Hence, we cannot say definitely whether a steady turbulence is possible or not in Keplerian disks with no magnetic field, until we carefully examine the effects of the pressure-strain tensor on
• the turbulence. It is well known that the pressure-strain tensor is very important for determining the structure a of turbuelnce. For example, let us neglect the diffusion g term in the equation describing the time evolution of tur-H bulent stress tensor, assuming local homogeneity of the turbulence. Then, the term representing the non-linear effects in the turbulent-stress-transport equation is the pressure-strain tensor alone, except for damping terms. If the term is neglected, the flow cannot be regarded as representing turbulence. The second point of the arguments made by is based on the results of numerical simulations. They emphasize that their numerical code can well reproduce many high Reynolds-number instabilities, including shear turbulence. The same code, however, does show no non-linear instabilities in Keplerian disks. The Keplerian disks are highly stable. To demonstrate this situation, they performed various numerical simulations, examining how initial random perturbations grow or damp with time. As equilibrium models on which the perturbations are superposed, they adopted differentially rotating disks with tt oc r~q, where Q, is the angular velocity of rotation and r is the radius from the rotation axis. If q > 2, the disk is unstable in the sense of the Rayleigh criterion, and is stable if q < 2. (The Keplerian disk corresponds to q = 1.5.) They show that there is a clear separation around q ~ 2 of the growth and damping of the perturbations [ see figure 1 by ]. In the case of Keplerian disks, the nonlinear perturbations which they imposed damp with time. They mention that this dramatic difference in behavior around q ~ 2.0 (as well as the difference in behavior between disk and shear runs) suggests that the properties of the mean background flows are much more critical to the outcome of the computation than are any numerical artifacts of the finite-difference grid.
This dramatic difference is, however, not surprising, since the Keplerian disks are highly stable systems to linear perturbations. We think that this difference rather suggests that much higher Reynolds-number calculations are required to judge whether turbulence is possible or not in Keplerian disks. High Reynolds-number calculations mean that we consider highly non-linear motions (i.e., small scale motions). In such motions a strong linear-stability, even if it exists, may be masked by nonlinear processes of turbulence. In other words, there is a possibility that small-scale perturbations are maintained by the isotropizing effects of the pressure-strain tensor. The magnitude of the pressure-strain tensor becomes larger as the size of motions becomes smaller. This can be understood by noticing that the pressure-strain tensor depends on the spatial derivative of turbulent velocities. On the other hand, the stabilizing effect of the angular-momentum distribution has no tendency to increase along with a decrease in the size of the motions. This consideration suggests that the size of turbulent eddies in Keplerian disks is rather small, and that the socalled a-value is also small.
It is noted here that the generation of turbulence and its maintenance are slightly different problems. In shear flows, a fully-developed turbulence would be generated from rather small-amplitude perturbations, since they are only weakly stable compared with the highly stable Keplerian disks. On the other hand, since Keplerian disks are highly stable systems, the generation of turbulence from a quiet state would be rather difficult. This does not automatically mean, however, that a fully-developed self-sustained turbulent state is absent in Keplerian disks. If perturbations of suitable types are selected, they would approach to the turbulence when there is actually a steady turbulent state.
Another argument made by is that to simulate the breakdown of laminar flow there must be an instability whose wavelengths can be resolved by a numerical scheme with a relatively low number of grid points. have emphasize that the non-linear instabilities leading to turbulence are essentially inviscid, i.e., viscosity is a large-wavenumber sink, and nothing more. We emphasize here, however, that viscosity is an essential ingredient for maintaining fullydeveloped turbulence. If there is no sink turbulence is impossible. Furthermore, it is important to remember that viscous flows do not tend to inviscid flows, even in the limit of no viscosity, since the order of the differential equation describing viscous flows is higher than that describing pure inviscid flows. Hence, flows which are inviscid from the beginning can not describe turbulence.
As an example showing the subtle role of viscosity, we may mention a plane Poiseuille flow between two parallel walls, whose velocity profile is parabolic. As long as the viscosity is neglected, this flow is linearly stable. On the other hand, the flow is linearly unstable in the presence of viscosity (e.g., Drazin, Reid 1981) , resulting in a critical Reynolds number of about 5000. Therefore, the instability of this flow cannot be investigated without considering viscous effects. In such an example, the viscosity plays two roles. One is linked with the noslip boundary condition at the solid walls; the other is the role of viscosity in the viscous critical layer. The former is irrelevant in astrophysical phenomena, as was pointed out by . The latter is not directly associated with the viscous effect coming from solid walls. From this example, we can consider that a flow which is stable in the absence of a viscosity effect is not always stable in its presence.
On the bases of the above considerations, we believe that the numerical simulations made so far are still not sufficient to completely rule out a possible presence of turbulence in Keplerian disks. Hence, it will be whorthwhile to examine from a different point of view
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Hydrodynamical Turbulence in Differentially Rotating Disks and whether hydrodynamic (non-MHD) turbulence is possible in Keplerian disks. To do this we assume that there is a steady turbulent state in advance, and examine whether we can construct a steady self-sustained turbulent state within the framework of a conventional theory of closure approximations.
A possible structure of hydrodynamic (non-magnetized) turbulence in Keplerian disks recently has been examined in relation to causality in turbulent flows (Narayan et al. 1994; Kato, Inagaki 1994; Kato 1994) . Their work suggests the presence of steady turbulent states in non-magnetized Keplerian disks. Especially, Kato (1994) showed this possibility by using a secondorder closure modeling. His results show that (u^,) can be maintained, against the strong damping mentioned above, by the isotropizing effects of the pressure-strain tensor. The adopted form of the pressure-strain tensor was, however, only partial in view of modern Reynolds stress modeling.
The purpose of this paper was thus to generalize the study by Kato (1994) by using a more general expression for pressure-strain tensor. The expression is general in the sense that all of the terms which are tensorially linear in the anisotropy tensor, bij [being denned by equation (10)], are taken into-account. The obtained results suggest a possible presence of steady turbulence in non-magnetized Keplerian disks. There are, however, some limitations in our modeling, which are discussed briefly in the final section.
Basic Equations and Approximations

Reynolds Stress Transport Equations
We consider the turbulent flow of a viscous incompressible fluid with a constant density. The velocity v and pressure P are decomposed into the ensemble mean and fluctuating as
The turbulent Reynolds stress tensor Uj is defined by
where the symbol ( ) represents the ensemble average. The transport equation governing the evolution of tij is obtained from the fluctuating part of the Navier-Stokes equation after multiplying by u and taking the ensembleaverage. The result is given as (e.g., Kato 1994) are tensors representing the pressure-strain correlation, dissipation-rate correlation, and third order diffusion correlation, respectively. On the right-hand side of equation (3) a term vV 2 tij should be added, which has been neglected, however, because the viscous transport of t^ due to the molecular viscosity v is neglegible. Turbulent models based on the Reynolds stress transport equation (3) are referred to as "second-order closures." An up-to-date review of this modeling is given by Speziale (1991) . The application of the Reynolds-stress approach to astrophysical problems has been made extensively in the study of turbulent convection in stars (e.g., Canuto 1993 Canuto , 1994 .
Equation (3) has the following meanings. Among the five terms on the right-hand side of equation (3), the first two are the production of Uj by shear. The third term represents the redistribution of tij due to pressurestrain. The fourth term is the dissipation, and the final one represents the diffusion of turbulence.
Equation (3) is now written in cylindrical coordinates (r,(p,z) , whose origin is at the central object and z-axis is the axis of the disk rotation. The disk is assumed to rotate cylindrically, i.e., U-(0,rfi(r), 0). The diffusion term is neglected here, assuming that the disks are locally homogeneous in the direction of the disk plane, and also by restricting our attention only to physical quantities integrated or averaged in the vertical direction (there is no turbulent diffusion through the disk surface). Then, taking e^ = (2/3)e<5jj, we have (Kato 1994 (17)], repsectively, equations (7e) and (7f) are satisfied by t rz = t vz -0. In other words, the equations of our interest are the first four equations, which are coupled to each other.
ft
An important point is that the first terms of equations (7a) and (7b) have opposite signs. In accretion disks t rip > 0 is required in order to transport angular momentum outward. Then, the first term of equation (7b) is negative. Hence, if the term 11^ is small, Dt vip /Dt is always negative, and Dt Vip /Dt = 0 cannot be realized. There is no steady turbulence. This is the main point of the argument by . We emphasize, however, that if the turbulence becomes anisotropic due to a decrease in t vv , the pressure strain tensor increases t vip so as to approach the turbulence to an isotropic state. Our results suggest that such effects of the pressure-strain tensor are large enough to maintain a steady turbulent state.
Modeling the Pressure-Strain Tensor
In order to demonstrate the above argument we must specify the form of Ily. The most general form of 11t hat is tensorially linear in the anisotropy tensor bij is (e.g., Lumley 1978; Speziale 1991) where b^ is the anisotropy tensor, defined by
nd K is the turbulent kinetic energy, l -(u-u) [In Kato (1994) , the anisotropy tensor b^ was defined without the denominator 2K of equation (10); here, however, we follow the standard definition of bij.] In equation (9), Sij and Ujj are rate of strain and the vorticity tensors, defined, respectively, by
K=
In the case of cylindrical rotation, we have, in cylindrical coordinates, 
dr (15) The coefficients C[ to C 4 in equation (9) are universal constants, which must be determined by experiments or by theoretical calculations (see, e.g., Speziale 1991) . Typical values, for example, are (e.g., Speziale 1991; Gatski, Speziale 1993) C[ = 3.0 -3.6, C 2 ~ 0.8, C 3 ~ 1.5, C 4 ~ 1.2. (16) The above modeling of 11^ [ equation (9)] is based on the assumption that the typical time scale of the turbulence is K/e. In our present problem, the system is rapidly rotating and the time scale of turbulence will be shorter than K/e, since the turbulence would be an ensemble of inertial waves whose characteristic time scale is ~ 1/re (< K/e). Considering this situation, we modify the first term on the right-hand side of equation (9) as -C\Knbij (Kato 1994) , i.e., instead of equation (9) 
Other components of IIjj are neglected here, since they are null when b rz = b vz = 0.
Steady Turbulent State
The turbulence in disks is assumed to be steady and axially symmetric, i.e., D/Dt = 0. That is, the lefthand sides of equations (7) are taken to be null in the followings. The summation of equations (7a) 
Since 6 r and 6 2Z have been expressed in terms of 6 rv , their substitution into equation (18d) The set of equations (23) and (24) is an extension of equations (33) and (34) given by Kato (1994) . That is, in the limit of C3 = C 4 = 0, the set of equations (23) and (24) reduces to those obtained by Kato (1994) . A further simplification of C2 = 0 gives those obtained by Narayan et al. (1994) and by Kato and Inagaki (1994) . They derived the results by describing the turbulence by the Boltzmann equation. A comparison between the present formulation and those made by the Boltzmann description of turbulence shows that C\ has a particular meaning. That is, C\ is the ratio of the mean collision frequency of turbulent elements, 1/T, to the epicyclic frequency K, i.e., C\ -(ACT)'
1 .
Substitution of equation (23) into equations (20)- (22) The summation of equations (25a)- (25c) gives an identical relation t rr + t <p<p t zz = 2K. The diagonal components t rr , t vv ,, and t z t zz must all be positive, by their definitions. The expressions given by equations (25a)- (25c) show that this requirement is satisfied practically in all cases of our interest concerning the parameter values of C's. First, the value of Ci is restricted to the range 0 < C 2 < 4/3 so that t rip > 0 is guranteed. Then, the coefficient C 4 always acts so as to make t r t vv , t z positive, as long as C4 > 0. On the other hand, C3 makes them negative when it becomes much larger than unity. However, the reasonable value of C3 suggested by experiments is around unity, and positiveness of t rr , t vv , and t zz are guaranteed. In summary, there are some terms which are negative on the righthand side of equations (25a)-(25c), but are masked by other positive terms. As typical values of C\, C2, C3, and C 4 , we take here C\ = 1.0, C2 = 0.5, C 3 = 1.0, and C 4 = 1.0. Figure 1 shows the values of t rr /2K, t vv /2K, t zz /2K, and t rv /2K when only C\ is changed from the above set of values. Figures 2-4 are cases when one of C2, C3, and C 4 is changed in this order, fixing other coefficients to the above typical values.
Finally, let us consider the extremum value of t rifi /2K, changing one C\ to C 4 . Obviously it occurs at C 2 = 0 when C2 is changed in the range 0 < C 2 < 4/3 [see equation (23)]. The dependence of AQ on C 4 shows that the value of t rtp /2K decreases as C 4 increases from zero. Its maximum value occurs at C 4 = 0. In changing C3, on the other hand, a minimum of t rv /2K appears at C3 = 1.0. Next, let us consider the effects of C\ on the value of t rtp /2K. When C\ is small, t r(fi /2K is small and increases with C\, but beyond a certain value of C\, t rip /2K decreases. That is, there is a maximum value of Astronomical Society of Japan • Provided by the NASA Astrophysics Data System The maximum value of t Tip /2K at this C\ is
This maximum value of (t rip f2K) max depends on C2, C3, and C4, and becomes the maximum when Ci = 0, C3 = 0 (26) (or C 3 = 2) (if 0 < C 3 < 2) and C 4 =0. If C 3 = C 4 = 0 and the Keplerian disks (fi oc r~3/ 2 ) are adopted, we 
In the limit of Ci = 0 this expression (28) tends to that obtained by Narayan et al. (1994) .
The so-called a-value [ a = t r(p /(po/po)] corresponding to the case of equation (28) for 7 = 5/3 and C 2 = 0.8 [see equation (16)], where M t is the turbulent Mach number defined by M t 2 = (u 2 )/c 2 , and 7 and Cg are, respectively, the ratio of the specific heat and the acoustic speed. If we take C\ = 1, C2 = 0.5, C3 = 1, and C4 = 1 as typical values, we have t rtp /2K = (5/184) and a ~ 0.045M t 2 for 7 = 5/3, which is ~ 0.01 for M t = 0.5 and ~ 4.5 x 10" 4 for M t = 0.1.
that there is no steady turbulence. This is the reason why we have restricted our attention in the text to C 2 < 4/3. The fact that C 2 = 4/3 is a criterion for the presence of turbulence comes from the following situations. Let us tentatively assume that the turbulence is isotropic, which means that the anisotropic tensor [see equation (10) 
Discussion
In this paper we have suggested that steady turbulent states are possible in Keplerian disks, even when there is no magnetic field or when there is no coupling between the gas and the magnetic fields (low temperature). We made this argument based on a second-order closure modeling of turbulence. The pressure-strain tensor IIjj [equation (4)] has crucial effects on the presence of steady turbulent states. We have adopted an expression for Hij which is general as long as non-linear effects of the anisotropy tensor bij [equation (10)] on IL,j are been neglected. In this modeling of IL^, four parameters, C\ to C4, appear. Our results show that for reasonable values of C\ to C4, the adopted set of equations allow steady turbulent states. The so-called a-value of viscosity anticipated from this model is rather small, suggesting a greater importance of hydromagnetic turbulence in real astropysical objects.
The motivation of this study was to suggest a possible presence of a self-sustained steady turbulence in nonmagnetized Keplerian disks. The present study is, of course, not sufficient to show this possibility definitely, since our arguments are based on a modeling of turbulence which involves some approximations. Since emphasize that there is no turbulence in the non-magnetized Keplerian disks, it will be important to discuss in what case our modeling gives no turbulence, and what are limitations of our modeling.
One clear case of the absence of turbulence is C2 > 4/3. As equation (23) This equation shows that t rip becomes positive when C2 < 4/3. The isotropic turbulence then goes to a steady anisotropic turbulent state. On the other hand, if C2 > 4/3 we have t Tlfi < 0, and the results become unphysical, as mentioned before. In this sense, whether the value of Ci is smaller than 4/3 or not is of importance as a measure to judge whether turbulence is possible or not in Keplerian disks.
Laboratory experiments suggest that C2 (as well as other parameters) is a universal constant and is ~ 0.8, which is smaller than 4/3. We should emphasize here that this value of C 2 is also supported from a theoretical consideration, although the support has some limitations. As equation (17) shows, C 2 is the coefficient of the term proportional to the zeroth power with respect to b^ in the expression for IL^-. This term comes from the effects of the mean flow on the pressure variation. If the turbulence is approximated to be isotropic, we can easily show that the term is proportional to Sij and that the coefficient Ci becomes exactly Ci = 8/15, without introducing any complicated models of turbulence [e.g., see equation (A12) by Kato and Yoshizawa (1995) ]. This value of C2 is certainly smaller than 4/3 (and still smaller than 0.8). The turbulence in Keplerian disks is, however, not isotropic. We suppose that C<i = 8/15 is not a bad approximation, however, since the deviation from isotropy is not very large (see figures in the text). The difference between ~ 0.8 and 8/15 may represent an experimental adjustment of C2, so that the effects of anisotropy are taken into account. We cannot rule out, however, the possibility that C2 > 4/3, since laboratory experiments conducted only for restricted cases, although they insist that C's are universal constants.
The most important term in the modeling of 11^ is the first term of equation (17). This term is the main Astronomical Society of Japan • Provided by the NASA Astrophysics Data System one which acts in the direction to make the turbulence isotropic, since it is proportional to Kbij and has a negative coefficient. The coefficient of Kb^ must be of the order of the rate of momentum exchange in turbulence. In our modeling we have adopted it to be C\K with a parameter C\. Although the presence in 11^ of a term proportional to Kb^ is physically obvious, there must be some ambiguity in the form of the proportional coefficient. However, the results that there is a steady turbulent state remain unchanged as long as the time scale of the momentum exchange is short. For example, we still have a steady turbulent state, even when we adopt equation (9) instead of equation (17). However, a more careful consideration concerning this point is required.
A third possibility of no turbulence is that we cannot have a positive K. In this paper we examined only whether the ratios of ijj to 2K, i.e., tij/2K, have positive values; the magnitude of K remained undetermined. This is because we did not consider the e-equation. In the usual Reynolds stress modeling, an equation describing the evolution of e, i.e., the e-equation, is taken into account as an additional equation, and the set of K-e equations is solved in order to determine K. One reason why we did not proceed to such a direction is that we cannot judge how the approximations involved in deriving the conventional e-equation is reliable in Keplerian disks. If we adopt a conventional form of the e-equation with diffusion terms, however, we can obtain a positive value of K. The value seems to be rather small compared with Cg. This means that the viscosity parameter a is rather small [see also the Introduction].
Although effects of compressibility are neglected in our modeling, we believe that it does not cause any serious modifications to our results. The most serious limitation of our modeling is that it is based on the assumption that in deriving a set of second-order equations, thirdorder quantities are evaluated by introducing a rough approximation of the isotropy. This is based on a general hope that the following analogy holds. The first-order quantities, such as mean flows, can be derived with good accuracy by introducing rough approximations to second-order quantities, for example by introducing a mixing-length model to the Reynolds stress tensor. Similarly, we hope that the second-order quantities, such as tij, could be derived rather accurately, even if the evaluation of third-order quantities is rough. If Keplerian disks have no turbulence, this would mean that the above hope is limited even more than usually anticipated.
One of the authors (S.K.) thanks Professor V.M. Canuto for encouraging him to do this work and for letting him know recent developments in Reynolds stress modeling.
